Assuming that Dark Matter (DM) is made of fermions in the sub-GeV mass range with interactions dominated by electromagnetic moments of higher order, such as the electric and magnetic dipoles or the anapole moment, we show that direct detection experiments searching for atomic ionisation events in xenon targets can shed light on whether DM is a Dirac or Majorana particle. Specifically, we find that between about 45 (120) and 610 (1700) signal events are required to reject Majorana DM in favour of Dirac DM with a statistical significance corresponding to 3 (5) standard deviations. The exact number of DM signal events corresponding to a given significance depends on the relative size of the anapole, magnetic dipole and electric dipole contributions to the expected rate of DM-induced atomic ionisations under the Dirac hypothesis. Our conclusions are based on Monte Carlo simulations and the likelihood ratio test. While the use of asymptotic formulae for the latter is standard in many applications, here it requires a non-trivial extension to the case where one of the hypotheses lies on the boundary of the parameter space. Our results constitute a solid proof of concept about the possibility of using direct detection experiments to reject the Majorana DM hypothesis when the DM interactions are dominated by higher-order electromagnetic moments.
Introduction
Despite impressive experimental efforts, the particles forming our Universe's Dark Matter (DM) component have continued escaping detection for about four decades [1] . This has motivated a critical reassessment of the leading DM paradigm, leading to the rise of a new framework where DM is made of particles lighter than the lightest nuclei and communicates with the visible world via interactions with electrons, rather than with nuclei [2] . The search for light, or sub-GeV, DM candidates mainly relies on the observation of electronic transitions in condensed matter systems, including dual-phase argon [3] and xenon [4] [5] [6] targets, superconductors [7] [8] [9] , graphene [10, 11] , 3D Dirac materials [12] [13] [14] , scintillators [15, 16] and polar crystals [17] . In this mass range, electronic transitions are kinematically favoured compared to nuclear recoils [18, 19] . Theoretical efforts in modelling sub-GeV DM are reviewed in [20] , while the performances of different materials in the search for sub-GeV DM are compared in [21] .
When testing the predictions of models for sub-GeV DM against the current null result of DM direct detection experiments, e.g. [22] [23] [24] [25] , or computing the projected sensitivity of next-generation DM search experiments [26, 27] , knowing how condensed matter systems "respond" to DM-electron interactions is crucial. Specifically, the rate of DM-induced electronic transitions in condensed matter systems is proportional to a linear combination of electron wave function overlap integrals known as "response functions" [28] . Recently, it has been pointed out that argon and xenon targets can respond in four different ways when ionised by using DM as an external probe [28] . One of these response functions is the standard "ionisation form factor", familiar from the literature on sub-GeV DM, e.g. [29, 30] . The remaining three atomic response functions were identified in [28] for the first time and describe distortions in the ionisation spectrum induced by the finite dispersion of the initial state electron momentum distribution.
The results found in [28] have multiple implications. On the one hand, they show that there are material properties that have so far remained "hidden" and that can only be revealed if DM is used as an external probe. On the other hand, they allow us to interpret the results reported by the XENON [6] and Darkside [3] collaborations within models for sub-GeV DM that, so far, were only tractable within simplifying approximations [4, 31, 32] . Models where DM is electrically neutral but still interacts with the Standard Model via higher-order electromagnetic moments provide a prominent example of scenarios that cannot be investigated without the atomic response functions found in [28] . Within this framework, DM can interact with electrons via the electric dipole, the magnetic dipole and the electromagnetic anapole coupling (see [33] for a general classification of DM-photon couplings and higher-order electromagnetic moments). In general, the novel response functions found in [28] arise whenever the amplitude for DM-electron scattering explicitly depends on the momentum of the initial state electron.
The higher-order electromagnetic moments of spin-1/2 DM are extremely interesting as their amplitude depends on whether DM is a Majorana or a Dirac particle. The leading electromagnetic moment for Majorana DM is the anapole moment. Electric and magnetic dipoles vanish exactly in this case. For Dirac DM, instead, anapole, magnetic dipole and electric dipole moments can be simultaneously different from zero. This observation allows us to formulate a "Dirac DM hypothesis", where DM is a particle with anapole, electric and magnetic dipole interactions (and, for simplicity, no other interactions), and a "Majorana DM hypothesis", where the DM candidate has anapole interactions only. It is then natural to ask whether the observation of higher-order electromagnetic moments can be used to statistically discriminate one hypothesis from the other, and if so, with what significance. A similar question was raised in Refs. [34, 35] focusing on scalar and vector couplings between DM and nuclei.
The aim of this work is to statistically compare the Dirac and Majorana DM hypotheses in the light of a future discovery of DM at direct detection experiments using xenon as a target material. Since our focus is on sub-GeV DM, we assume that such discovery occurred via the observation of DM-induced atomic ionisations. This analysis is motivated by recent theoretical advances [28] which, for the first time, enable us to model the anapole, electric dipole and magnetic dipole interactions in a rigorous manner. We compare the two hypotheses by performing Monte Carlo simulations of atomic ionisation data from next-generation xenon experiments and using the likelihood ratio, and its asymptotic expansion in terms of a chibar-square distribution (χ 2 ), as a test statistic. This is the correct procedure when, as in the present analysis, one of the tested hypotheses lies on the boundary of the parameter space [36] . We present our results in terms of number of signal events required to reject the "null", Majorana hypothesis in favour of the alternative, Dirac hypothesis at a given statistical significance. Focusing on selected benchmark values for the DM coupling constants, we highlight in what regions of the parameter space the significance for rejecting the Majorana hypothesis is higher. This paper is organised as follows. In Sec. 2, we introduce the leading electromagnetic moments of light DM, formulating a Majorana DM hypothesis and a Dirac DM hypothesis. For each hypothesis, we provide interaction Lagrangian and amplitude for DM-electron scattering. We then compute the corresponding rate of DM-induced atomic ionisations in Sec. 3. In Sec. 4, we introduce the statistical framework that we use to compare the Dirac and Majorana DM hypotheses formulated in Sec. 2. We present the results of this comparison in Sec. 5 and conclude in Sec. 6. In the Appendix, we provide a detailed derivation of the amplitude for DM-electron scattering for the anapole, magnetic and electric dipole DM couplings. Finally, we provide the code used to perform the statistical analysis [37] , which is archived as [DOI:10.5281/zenodo.3701262].
Dark matter with higher-order electromagnetic moments
We are interested in models for Majorana and Dirac DM where the DM particle couples to the Standard Model photon via higher-order electromagnetic moments: the magnetic and electric dipole and the electromagnetic anapole [33] . This theoretical framework will allow us to formulate testable Dirac and Majorana DM hypotheses. For each model introduced here, we provide interaction Lagrangian and amplitude for DM-electron scattering. A derivation of these expressions can be found in App. A. We apply the results in App. A to compute the rate of DM-induced atomic ionisations in Sec. 3. In Sec. 4, we use this rate as a physical observable to test the Dirac DM hypothesis against the Majorana DM hypothesis with atomic ionisation data.
Majorana dark matter
In the case of Majorana DM, magnetic and electric dipole interactions are identically zero, as these moments are odd under particle-antiparticle exchange. The anapole operator, however, does not vanish because it is even under the same transformation. The associated interaction Lagrangian, L (M ) I , is therefore given by the anapole term only,
where χ is a four-component spinor field for the Majorana DM particle, F µν is the electromagnetic field strength tensor, g 1 is a dimensionless coupling constant and Λ is a mass scale. Here, we assume that the electromagnetic moments of DM are generated at the scale they are measured at direct detection experiment (i.e. below 1 GeV) and do not consider renormalisation group effects and the associated ultraviolet completion. For a detailed discussion on these aspects, we refer to [33] . We use the Lagrangian in Eq. (2.1) to compute the amplitude for DM-electron scattering and the associated rate of DM-induced atomic ionisations. For Majorana DM with anapole interactions, the non-relativistic amplitude for DM-electron scattering can be expressed in terms of tridimensional momentum transfer, q, transverse relative velocity v ⊥ el (defined below in Sec. 3), and the electron and DM particle spin, S e and S χ , respectively,
where m χ and m e are the DM particle and electron rest mass, S e = σ/2 (S χ = σ/2) is the spin operator in the electron (DM) spin space and σ = (σ 1 , σ 2 , σ 3 ) are the Pauli matrices. In Eq. (2.2), η r , r = 1, 2 (ξ s , s = 1, 2) are two-component spinors acting on the electron (DM) spin space. The electron g-factor, g e ≈ 2, is defined in the Appendix in terms of electromagnetic form factors.
Dirac dark matter
In the case of Dirac DM, anapole, magnetic dipole and electric dipole moments can all be different from zero, as the underlying theory for DM does not have to be symmetric under particle-antiparticle exchange. In principle, the three moments can simultaneously participate in the interaction between DM and electrons. However, we will find that there is no interference between different moments. For Dirac DM, the interaction Lagrangian associated with the anapole moment is 
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where g 2 is a dimensionless coupling constant and Λ a mass scale which can in principle be different from the one introduced in Sec. (2.1), but which for simplicity we assume to coincide with the former. Any difference between the two mass scales can be reabsorbed in a redefinition of g 2 . In the non-relativistic limit, Eq. (2.4) generates the amplitude for DM-electron scattering,
(2.5)
Finally, the interaction Lagrangian associated with the electric dipole moment can be written as follows
where g 3 is a dimensionless coupling constant and Λ a mass scale (see comment on Λ below Eq. (2.4)). In the non-relativistic limit, Eq. (2.6) generates the amplitude for DM-electron scattering,
To summarise: we refer to "Dirac DM hypothesis" as a scenario where the full interaction Lagrangian, L (D) I , is given by 8) and the amplitude for DM-electron scattering is given by the sum of Eqs. (2.2), (2.5) and (2.7). We refer to "Majorana DM hypothesis" as a scenario with an interaction Lagrangian given in Eq. (2.1) such that the amplitude for DM-electron scattering is equal to Eq. (2.2).
Dark matter direct detection via atomic ionisations
To compare the predictions of the models introduced in the previous section with observations performed at DM direct detection experiments using xenon as a target material, we calculate the rate of DM-induced transitions from an initial electron state |e 1 to a final electron state |e 2 [28] ,
where ρ χ = 0.4 GeV/cm 3 [38] , n χ = ρ χ /m χ is the local DM number density, and f χ (v) is the local DM velocity distribution. For f χ (v), we assume a Maxwell-Boltzmann distribution truncated at the escape velocity v esc = 544 km s −1 [39] and boosted to the detector rest frame [40] ,
where v 0 = 220 km s −1 is the most probable speed [41] , v ⊕ , with |v ⊕ | = 244 km s −1 , the detector velocity in the galactic rest frame [42] , and N esc a normalisation constant,
A central element in Eq. (3.1) is the squared electron transition amplitude [28] ,
where M is the amplitude for DM scattering by free electrons while ψ 1 and ψ 2 are the initial and final state electron wave functions, respectively. In Eq. (3.4), a bar denotes an average (sum) over initial (final) spin states, q = p − p is the momentum transfer, while p and p (k and k ) are the initial and final DM particle (electron) momenta, respectively. Furthermore, we introduce
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where µ χe is the reduced DM-electron mass and v ≡ p/m χ the incoming DM particle velocity 1 . Finally, the initial and final state energies in the delta function in Eq. (3.1) are given by
where we denote by E 1 and E 2 the electron initial and final energies, and by ∆E 1→2 = E 2 −E 1 their difference.
The electron initial state, |e 1 , in Eq. (3.1) is a bound state characterised by the principal, angular and magnetic quantum numbers (n, , m), respectively. At large distances from the target atom, the final state |e 2 describes a free particle. As a result, it can be defined in terms of the quantum numbers (k , , m ), where k is the electron momentum at infinitely large distances from the atom, while and m are its angular and magnetic quantum numbers. We can now express the differential ionisation rate dR n ion /d ln E e , of a full (n, ) atomic orbital as follows
where E e = k 2 /(2m e ) is the energy carried by the ejected electron, Θ(x) is the step-function,
and admits a general decomposition in terms of atomic (W n i ) and DM (R n i ) response functions,
As a function of scalar and vectorial form factors [28] ,
the four atomic response functions, W n i , i = 1, . . . , 4, appearing in Eq. (3.10) can be written as follows [28] 
The first one, W n 1 , is the standard "ionisation form factor" common in the light DM literature. The remaining three atomic response functions W n j , j = 2, 3, 4 were identified in [28] for the first time and computed with the DarkARC tool [43] . They describe distortions in the ionisation spectrum induced by the finite dispersion of the initial state electron momentum distribution. Notice that all atomic responses in Eq. (A.14) are required to investigate the electromagnetically interacting DM models presented here in a self-consistent manner. The four DM response functions are model dependent and in the case of Dirac DM they depend on couplings and momenta as follows
where j χ = 1/2 and
The only interference term arising in this case is the one proportional to c 4 c 6 (see the definition of R n 1 in Eq. (3.13a), first line). Notice that this interference arises within the magnetic dipole interaction and it is not an interference between different electromagnetic moments. In the case of Majorana DM, the fourth DM response, R n 4 , is identically zero. The remaining three DM response functions keep the same definition as above, but now with coupling constants given by
and c 1 = c 4 = c 5 = c 6 = c 11 = 0. We refer to [28] for further details on the numerical evaluation of the ionisation rate in Eq. (3.8) and on our choice for the electron wave functions ψ 1 and ψ 2 .
Hypothesis testing
In this section, we introduce the statistical methods that we use to compare the Dirac DM hypothesis (H D ) with the Majorana DM hypothesis (H M ). The H D hypothesis is defined by g 2 1 ≥ 0, g 2 2 ≥ 0 and g 2 3 ≥ 0, whereas the H M hypothesis corresponds to g 2 1 ≥ 0, g 2 2 = 0 and g 2 3 = 0. The two hypotheses are therefore nested, which implies H D → H M in the g 2 2 = g 2 3 = 0 limit. We compare the H D hypothesis with the H M hypothesis by means of the log-likelihood ratio as a test statistic [44] ,
and D is a dataset. In our case, D consists of (16 − n th ) independent observations, i.e. D = {N ne }, where N ne , is the number of DM-induced atomic ionisations producing n e = n th , . . . , 15 observable electrons in the detector. Here, n th is the experimental threshold, i.e. the minimum number of observable electrons per ionisation. Since DM has so far escaped detection, we generate the dataset D via Monte Carlo (MC) simulations. Specifically, we sample D from a benchmark point Θ in parameter space. We will consider two choices for Θ :
In the former case we generate D under the Majorana hypothesis, in the latter one we sample D under the alternative, Dirac hypothesis (we determine C, C 1 , C 2 and C 3 in Sec. 5). For each bin, we assume a Poisson likelihood,
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E is the experimental exposure and P(n e |E e ) is the probability of producing n e observable electrons in an atomic ionisation when the energy carried by the primary electron is E e [4, 5] . In the definition of S ne , we sum over the five outermost occupied orbitals for xenon, A ≡ {4s, 4p, 4d, 5s, 5p}. Here, B ne is the number of background events producing n e observable electrons. Since S ne is expected to be significantly larger than B ne when H D can be discriminated from H M , we can safely neglect the experimental background contribution to the likelihood function and set B ne = 0 for the purposes of this study. 
where Φ is the cumulative distribution function of a Gaussian probability density of variance 1 and mean 0, whereas
is the p-value for rejecting H M in favour of H D . Here, t med is the median of the probability density function f (t|H D ). In all numerical applications, we obtain t med by random sampling 10 4 values for t under H D and computing the median of this discrete sample. On the other hand, the method we use to estimate the integral of f (t|H M ) above t med depends on whether t med lies in the tail of f (t|H M ) or not. We compute the integral in Eq. (4.7) via MC integration, i.e. by random sampling 10 5 values for t under H M and then counting the relative fraction of them above t med , if at least 100 sampled values for t lie above t med . We switch to an asymptotic expression for f (t|H M ) and do the integral in Eq. (4.7) numerically, when within the 10 5 sampled values for t under H M less then 100 lie above t med . We obtain such an asymptotic expression for f (t|H M ) as explained in detail below. In the large-sample limit, f (t|H M ) is approximated by [45] t ∼ min 
where I 2×2 (Θ ) is I(Θ ) restricted to the 2-dimensional space spanned by (θ 2 , θ 3 ). In this example, the probability density function of (θ 2 −β,θ 3 −γ) is a multivariate Gaussian of mean (β, γ) and covariance matrix I −1 2×2 (Θ ), consistently with our definition ofΘ. Consequently, t would in this case follow a chi-square distribution with 2 degrees of freedom. However, when the benchmark point Θ lies on the boundary of Ω D , as when sampling D under H M and Θ = {g 2 1 /Λ 4 = C, g 2 2 /Λ 2 = 0, g 2 3 /Λ 2 = 0}, the asymptotic distribution of t, χ 2 , is a chi-barsquare distribution, i.e. a linear combination of chi-square distributions of different degrees of freedom [36] . Consequently,
where P(χ 2 ≤ x) and P(χ 2 i ≤ x) are the cumulative probability density functions at x ≥ 0 of χ 2 and a chi-square distribution with i degrees of freedom, respectively. Here, n p is the number of model parameters (n p = 3 in our case) and χ 2 0 a one-dimensional Dirac delta. The weights w i in Eq. (4.10) depend on Ω M , Ω D and I and are analytically known only in a few, specific cases. For example, when Ω M = {Θ : θ 1 ≥ 0, θ 2 = 0}, Ω D = {Θ : θ 1 ≥ 0, θ 2 ≥ 0}, i.e. in the n p = 2 case, one finds w 0 = 1/2−sin −1 (ρ)/(2π), w 1 = 1/2 and w 2 = sin −1 (ρ)/(2π), where ρ is the correlation coefficient between θ 1 and θ 2 [45] . This can be extracted analytically from the inverse Fisher matrix, I −1 (Θ ). To the best of our knowledge, an analytic expression for w i is not available in our case 3 . We therefore estimate the weights w i by numerically solving the linear system np i=0
where the first two equations correspond to constraints that the weights w i must fulfil in general [36] , x a and x b are arbitrary real numbers that we set to 0 and 1, and P(χ 2 ≤ x) MC is the cumulative distribution function of χ 2 at x = x a or x = x b that we extract from 10 5 random samples of t under H M . By solving Eq. (4.11), we obtain an analytic estimate for f (t|H M ) which enables us to compute the number of signal events required to reject the Majorana hypothesis with an arbitrarily large statistical significance. Here, we restrict ourselves to Z ≤ 6.
Numerical results
In order to discriminate the case of Majorana DM, our null hypothesis H M , from the scenario where DM is made of Dirac fermions, our alternative hypothesis H D , we need to compare a one-parameter model (with the squared anapole coupling g 2 1 ) to a model with three parameters (the squared couplings g 2 1 , g 2 2 , g 2 3 for anapole, magnetic dipole, and electric dipole respectively). Equipped with a three-dimensional parameter space, the Dirac model allows for a vast number of phenomenologically very different configurations. Therefore, we need to specify the Dirac hypothesis further to allow quantitative statements about the expected significance to reject the null hypothesis in its favour. For this purpose, we assume a number of representative hierarchies between the contributions of the anapole, magnetic dipole, and electric dipole interactions to the predicted signal event rates. This is simplified by the absence of interferences between the three interactions. In the following list, we define a number of benchmark hierarchies between these contributions, loosely inspired by Plato's regimes of governments.
• Democracy(D): All three electron interactions of the Dirac DM particle contribute equally to the total signal event rate (1 : 1 : 1).
• Aristocracy(A): A sub-group of two couplings dominate the total signal event rate. For example, we label the case where the anapole and magnetic dipole dominate over the electric dipole as A 12 . More specifically, the three interactions contribute to the signal rate with relative proportions (1 : 1 : 10 −3 ) in this case. We define the other two possible "aristocratic" hierarchies A 13 and A 23 in the same way.
• Tyranny(T): Here, the signal event rates are assumed to be dominated almost completely by a single interaction. The scenario where e.g. the magnetic dipole interaction dominates is labelled as T 2 and corresponds to a relative signal contribution by anapole, magnetic dipole, and electric dipole interactions of (10 −3 : 1 : 10 −3 ). The hierarchies T 1 and T 3 are defined accordingly.
In total, these correspond to seven different versions of the Dirac hypothesis (D, A 12 , A 13 , A 23 , T 1 , T 2 , T 3 ). However, we also note that the Dirac hypothesis with T 1 is virtually indistinguishable from the null hypothesis, and it is only kept as a consistency check. We emphasise again that the hierarchies are not defined in terms of the (squared) couplings g 2 i but of their respective contributions to the predicted event rates. In the Eqs. (4.2) and (4.3), we introduced benchmark points Θ in terms of the parameter(s) C (C 1 , C 2 , C 3 ) for the Majorana (Dirac) hypothesis. Their values are determined by fixing the total number of signal events and choosing a Dirac hierarchy.
Furthermore, we assume that the DM mass is known and restrict ourselves to a fixed value of m χ = 100 MeV throughout this statistical analysis. Hence, we do not treat the DM mass as an additional element or nuisance parameter of the models' parameter space Θ, in order to emphasise the varying abilities of the different benchmark hierarchies to discriminate our two hypotheses.
As where S ne (Θ) was defined in Eq. (4.5). In Fig. 1 , the different spectra R ne are shown in the case of Majorana DM, as well as the different realisations of the Dirac hypothesis. To demonstrate the different shapes of the spectra predicted in the different scenarios, we fix the total ionisation rate R tot ion ≡ 15 ne=1 R ne to 100 kg −1 yr −1 . The spectral deviations between the two hypotheses are the fundamental basis of the observer's ability to distinguish them in a direct detection experiment. With this in mind, this comparison may serve as an early, qualitative indicator of which benchmark hierarchy of H D can be expected to be easier or harder to tell apart from the Majorana null hypothesis than others.
With the exception of T 1 , which unsurprisingly predicts an almost identical spectrum as the null hypothesis, the Dirac DM model generally predicts more events in the n e = 1 bin and fewer in the n e > 1 bins when compared to the Majorana spectrum. This steeper decline of the spectrum for increasing n e (or equivalently for increasing energy E e ) originates in the additional magnetic and electric dipole moment interactions which characterise Dirac DM.
The Dirac hierarchies involving significant signal contributions from the anapole interaction (i.e. D, A 12 , and A 13 ) generally resemble the Majorana hypothesis more closely. Therefore, we expect to require more events in order to be able to reject the null hypothesis in these cases. The other hierarchies, i.e. A 23 , T 2 , and T 3 , are associated with negligible anapole contributions and are naturally more favourable, as they give rise to an ionisation spectrum more distinct from the spectrum under the null hypothesis. This seems to be especially true for A 23 and T 3 , which have sizable contributions by electric dipole interactions. At this point, we expect the benchmark hierarchy of T 3 , i.e. Dirac DM with dominant electric dipole interactions, to be the scenario most distinguishable from Majorana DM.
Next, the aim is to develop a more quantitative foundation to these claims and expectations. In order to do so, we need to specify the experimental setup of the direct detection experiment, which we assume to directly detect sub-GeV DM in the hopefully not too distant future and no longer search for DM but study its properties. We assume a xenon target with an observational threshold of n th = 4 electrons, as indicated by the dashed line in Fig. 1 . The choice of the experimental exposure is less crucial, as we present our results in terms of number of signals necessary to distinguish the hypotheses. Any change of the exposure is compensated by a corresponding rescaling of the parameters C and C i in Eqs. (4.2) and (4.3).
The statistical procedure was introduced in detail in Sec. 4. The probability density function of the test statistic t, as defined in Eq. (4.1), can be obtained by means of MC simulations. By simulating a great number of possible outcomes of the detection experiment in the form of signal data D, where one of the two hypotheses has to be assumed, and maximising the likelihoods of H M and H D , we obtain a sample set of t. The resulting histogram estimates of f (t|H M ) and f (t|H D ) for two of the benchmark points (D and A 23 ) are depicted in Fig. 2 . For this figure, the number of events was fixed to the value corresponding to a significance of Z = 3, 5, as we will discuss further below.
The first step is to determine the median t med of the distribution f (t|H D ) under the alternative hypothesis, which is indicated as a vertical dashed line in Fig. 2 . As we also discussed in the previous section, there are two possible ways to obtain the p-value, or equivalently the statistical significance Z, based on the obtained histograms. above t med . This fully MC-based procedure is the method of choice for lower numbers of signal events and thereby also higher p-values, where the exact distribution is generally unknown prior to MC simulations.
2. Using MC integration is practically inapplicable for the case of larger number of signal events and higher statistical significance, since the t sample size under the null hypothesis necessary to have a reliable estimate of the p-value will be enormous. Under these conditions, it is beneficial, and also appropriate, to use the asymptotic form of f (t|H M ), which was discussed in detail in Sec. 4. In this case, t obeys a χ 2 distribution, consistently with Eq. (4.10). This method can be regarded as a hybrid between MC and analytic methods, since the determination of the weights w i in Eq. (4.10) still require a MC sample of t under the null hypothesis, see Eqs. (4.11) . Once the weights are known, f (t|H M ) can be integrated numerically to obtain the p-value.
Both procedures result in the expected Majorana DM rejection significance Z, defined in Eq. (4.6), as a function of observed signal events for the seven different Dirac scenarios. This is shown in the left panel of Fig. 3 . The right panel of the figure shows the equivalent evolution of the expected p-value as defined in Eq. (4.7) .
The results confirm our qualitative expectations which were solely based on the spectral shapes in Fig. 1 . The Dirac hierarchy which resemble the null hypothesis to a larger degree by involving sizable contributions of anapole interactions, i.e. A 12 and A 13 , are hardest to distinguish from the Majorana hypothesis (with the exception of T 1 ). If DM was for example a Dirac fermion interacting dominantly via anapole and magnetic dipole interactions, it would require ∼ 610 (∼ 1700) observed signals to be able to reject the Majorana nature with Z = 3 (Z = 5).
A scenario more favourable for us would be Dirac DM with significant electric dipole interactions, which correspond to our benchmarks A 23 and especially T 3 . In the latter case, only ∼ 45 (∼ 120) observed signals are expected to be sufficient to reject the scenario of Majorana DM with statistical significance corresponding to 3(5) standard deviations.
Finally, we sum up the complete results in Fig. 4 and Tab. 1, where we present the number of signals for each of our benchmark hierarchies necessary for an expected statistical significance Z = 1, ..., 6 to reject the Majorana null hypothesis in favour of the Dirac hypothesis.
Conclusions
We have shown that if DM interacts with the Standard Model mainly via its higher-order electromagnetic moments and has a mass in the MeV-GeV range, direct detection experiments searching for atomic ionisation events induced by DM-electron scattering in xenon targets can shed some light on whether DM is its own antiparticle or not. In support of this statement, we calculated the number of DM-induced atomic ionisations required to reject a scenario where DM is a Majorana particle in favour of an alternative scenario where DM has a Dirac nature, under the assumption the DM is a spin-1/2 fermion. We found that the two scenarios can in principle be discriminated in case of DM discovery at direct detection experiments because the amplitude of the DM higher-order electromagnetic moments depends on whether DM is a Dirac or a Majorana particle. More specifically, if DM is a Majorana particle, the anapole moment is its leading electromagnetic moment, since the magnetic dipole and the electric dipole are odd under particle-antiparticle exchange and therefore vanish. In contrast, the electric dipole, the magnetic dipole and the electromagnetic anapole can simultaneously contribute to the DM-electron scattering in xenon detectors for Dirac DM. Quantitatively, we found that between about 45 (130) and 610 (1700) DM signal events are required to reject the Majorana DM hypothesis in favour of the alternative Dirac hypothesis with a statistical significance corresponding to 3 (5) standard deviations. The exact number of required DM signal events depends on the relative size of the anapole, magnetic dipole and electric dipole contributions to the expected rate of DM-induced atomic ionisations under the Dirac hypothesis. For example, we found that statistically rejecting the Majorana hypothesis when the electric dipole moment is the leading coupling of Dirac DM (the T 3 scenario) is easier than in cases where either another coupling dominates, or different contributions to the signal event rate are comparable. At the same time, rejecting the Majorana hypothesis in favour of a Dirac DM candidate coupling to the Standard Model via a linear combination of anapole and magnetic dipole interactions of similar strength (the A 12 scenario) appears to be more difficult as compared to other scenarios. In this context, the worst-case-scenario is the one where DM is a Dirac particle and its leading coupling to the photon is the anapole moment (T 1 ).
Our results rely on Monte Carlo simulations and on the likelihood ratio as a test statistic. While this method is standard in many applications, here it required a non-trivial extension to hypotheses that lie on the boundary of the parameter space. Indeed, this is the case for the Majorana DM hypothesis, which is characterised by two parameters of interest being zero.
This work could be further extended in various ways. One possibility could be to include other target materials in the analysis, such as argon, for which the atomic responses generated by the anapole, magnetic and electric dipoles are already available [28] , or crystals, which are known to be sensitive to sub-GeV and even sub-MeV DM. Furthermore, the analysis could be extended by including the DM particle mass as an additional nuisance parameter in our implementation of the likelihood ratio test. At the same time, the results presented here constitute a solid proof of concept about the possibility of using direct detection experiments to reject the Majorana DM hypothesis when the DM interactions are dominated by higherorder electromagnetic moments.
A Scattering amplitudes
Here, we calculate the amplitude for DM-electron scattering for the anapole, magnetic dipole and electric dipole interaction models, providing an explicit derivation for Eqs. (2.2), (2.5) and (2.7) . Conventions for the summation of repeated indexes are:
are arbitrary four-vectors, while L and M are their three-dimensional space components. We define the DM-electron scattering amplitude, M, in terms of the corresponding S-matrix element, For each of the three models considered here, the starting point for our calculation is to express the interaction Lagrangian in terms of a local DM current, j µ (x), and the photon field, A µ (x),
by means of partial integration. By doing so, the S-matrix element in Eq. (A.1) can be written as follows
where in the second step we translated the DM current from the spacetime point x to the origin, j µ (x) = e iP ·x j µ (0)e −iP ·x ,P µ being the four-dimensional momentum operator, and introduced the Fourier transform of the photon field, A µ (q) = d 4 xe −iq·x A µ (x). Notice that |p, s (|p , s ) is an eigenstate of energy and momentum and thereforeP µ |p, s = p µ |p, s (P µ |p , s = p µ |p , s ). Here, we also introduced the momentum transfer, defined as q = p − p . The matrix element k , r |A µ (q)|k, r is model independent, i.e. it only depends on QED, and can therefore be expressed in terms of the electromagnetic current, J µ (x), at the origin,
Here, we used Maxwell equations, ∂ µ F µν = eJ ν , the definition of F µν = ∂ µ A ν − ∂ ν A µ , and the identity
with q µ A µ = 0. The four-dimensional Dirac delta in Eq. (A.5) arises from translating J µ (x) to the origin,
Notice that the matrix element k , r |J µ (0)|k, r can be expressed in terms of electromagnetic form factors, In this expansion, we denote by χ (+) (x) the term proportional to e −ip·x and by χ (−) (x) the term proportional to e +ip·x . Similarly, we decompose χ = χ † γ 0 as χ(x) = χ (+) (x) + χ (−) (x), where (+) and (−) refer to positive and negative frequency solutions of the Dirac equation, as usual in second quantisation. With this notation, p , s |j µ (0)|p, s can be expressed as follows where we expanded the spinors u s (p) ((2m χ − p · σ)ξ s , (2m χ + p · σ)ξ s ) T / 4m χ and v r (k) ((2m χ − k · σ)η r , (2m χ + k · σ)η r ) T / √ 4m e and their spinor bilinears in the nonrelativistic limit, 
